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Introduction

A simple optimal control problem

minimize

∫ T

0

L(q(τ), u(τ), τ) dτ,

subject to


trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞([0,T ],Ω), Ω ⊂ Rm nonempty,

q′(t) = f (q(t), u(t), t), a.e t ∈ [0,T ],

q(0) = qinit, qinit ∈ Rn,

where T > 0 is fixed and where L and f are smooth enough.

Hamiltonian: H(q, u, p, t) :=
〈
p, f (q, u, t)

〉
Rn − L(q, u, t).

Historical PMP ∼ 1950’s

If (q∗, u∗) is optimal, there exists an adjoint vector p such that p(T ) = 0 and

(q∗)′ = ∂pH(q∗, u∗, p, t), p′ = −∂qH(q∗, u∗, p, t),

u∗(t) ∈ arg max
v∈Ω

H(q∗(t), v , p(t), t).
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B Classical control theories only deal with permanent controls B
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Introduction

B Optimal permanent controls may require a permanent B
modification

|
0 T

u∗
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Introduction

B but, for technical reasons, a permanent modification is not B
conceivable for human beings, even for numerical devices
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Introduction

Permanent controls

• •

• •

q

u

Nonpermanent controls

Sampled-data controls:

• •

• • • • • • •

q

u

Interval of non-control:
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• • • •
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Introduction

A simple optimal control problem (continuous case)

minimize

∫ T

0

L(q(τ), u(τ), τ) dτ,

subject to


trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞([0,T ],Ω), Ω ⊂ Rm nonempty,
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Hamiltonian: H(q, u, p, t) :=
〈
p, f (q, u, t)

〉
Rn − L(q, u, t).

Weak PMP (continuous case)

If (q∗, u∗) is optimal, there exists an adjoint vector p such that p(T ) = 0 and

(q∗)′ = ∂pH(q∗, u∗, p, t), p′ = −∂qH(q∗, u∗, p, t),

∀v ∈ Ω,
〈
∂uH(q∗(t), u∗(t), p(t), t), v − u∗(t)

〉
Rm
≤ 0.
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Introduction

A simple optimal control problem (discrete case)

minimize
N−1∑
k=0

L(qk , uk , k),

subject to


discrete trajectory q ∈ (Rn)N ,

discrete control u ∈ ΩN , Ω ⊂ Rm nonempty convex,

qk+1 − qk = f (qk , uk , k), for all k = 0, . . . ,N − 1,

q0 = qinit, qinit ∈ Rn,

where N ∈ N∗ is fixed and where L and f are smooth enough.

PMP (discrete case) ∼ 1970’s

If (q∗, u∗) is optimal, there exists an adjoint vector p such that pN = 0 and

q∗k+1 − q∗k = ∂pH(q∗k , u
∗
k , pk+1, k), pk+1 − pk = −∂qH(q∗k , u

∗
k , pk+1, k),

∀v ∈ Ω,
〈
∂uH(q∗k , u

∗
k , pk+1, k), v − u∗k

〉
Rm
≤ 0.

B Discrete case: no Hamiltonian maximization. B
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Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 14 / 52



Main result

1 Introduction

2 Main result

3 Major idea of the proof

4 Comments
Generalization to the time scale case
A more general framework
Extension of a classical existence result
Extension and non-extension of some classical properties

Example of non saturation of Ω
Sampled-data controls and optimal sampling times

Sampled-data controls in the LQ case

5 References and future works
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Main result

Set of controlling times CT

In the sequel

the trajectory q evolves continuously in time on [0,T ].

the control u evolves on CT ⊂ [0,T ] the closed set of controlling times.

Nonpermanent controls and frozen values

• •

q
•

•

• • •• • CT

•

•

•
•

•

u

Note that CT = RD ∪ RI (right-dense and right-isolated points).

For t ∈ RI, we denote by σ(t) := min{s ∈ CT | s > t}.
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Main result

A simple optimal nonpermanent control problem

minimize

∫ T

0

L(q(τ), uΦ(τ), τ) dτ,

subject to


trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞(CT,Ω), Ω ⊂ Rm nonempty convex,

q′(t) = f (q(t), uΦ(t), t), a.e t ∈ [0,T ],

q(0) = qinit, qinit ∈ Rn.

Main result ∼ 2015

If (q∗, u∗) is optimal, there exists an adjoint vector p such that p(T ) = 0 and

(q∗)
′

= ∂pH(q∗, u∗
Φ
, p, t), p′ = −∂qH(q∗, u∗

Φ
, p, t),

and

if t ∈ RD: u∗(t) ∈ arg maxv∈Ω H(q∗(t), v , p(t), t),

if t ∈ RI:

∀v ∈ Ω,
〈 1

σ(t)− t

∫ σ(t)

t

∂uH(q∗(τ), u∗(t), p(τ), τ) dτ , v − u∗(t)
〉
Rm
≤ 0.
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Main result

Example: the linear-quadratic (LQ) case

minimize

∫ T

0

q(τ)>W (τ)q(τ) + uΦ(τ)>R(τ)uΦ(τ) dτ,

subject to


trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞(CT,Rm),

q′(t) = A(t)q(t) + B(t)uΦ(t), a.e t ∈ [0,T ],

q(0) = qinit, qinit ∈ Rn.

where A, B, W and R are matrices with “good” assumptions.

In the permanent control case CT = [0,T ], the historical PMP provides

u∗(t) = R(t)−1B(t)p(t).

In the sampled-data control case CT = {0 = t0 < . . . < tN = T}, we obtain

u∗(tk) =

(
1

tk+1 − tk

∫ tk+1

tk

R(τ) dτ

)−1(
1

tk+1 − tk

∫ tk+1

tk

B(τ)p(τ) dτ

)
.
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Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 20 / 52



Major idea of the proof

1 Introduction

2 Main result

3 Major idea of the proof

4 Comments
Generalization to the time scale case
A more general framework
Extension of a classical existence result
Extension and non-extension of some classical properties

Example of non saturation of Ω
Sampled-data controls and optimal sampling times

Sampled-data controls in the LQ case

5 References and future works
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Major idea of the proof

Needle-like variation of u∗ at t ∈ RD

∀(t, v) ∈ RD×Ω, ∀α > 0, uα(·) =

{
v on [t, t + α) ∩ CT,
u∗(·) elsewhere.

Needle-like variation of type L1 when α→ 0

Rm

CT

u∗

t

v

Variation vector ω

It holds that qα = q∗ + α ω + rest where{
ω′ = ∂qf (q∗, u∗Φ, ·)× ω, on [t,T ],

ω(t) = f (q∗(t), v , t)− f (q∗(t), u∗(t), t).
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Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 23 / 52



Major idea of the proof

Needle-like variation of u∗ at t ∈ RD

∀(t, v) ∈ RD×Ω, ∀α > 0, uα(·) =

{
v on [t, t + α) ∩ CT,
u∗(·) elsewhere.

Needle-like variation of type L1 when α→ 0

Rm

CT

u∗

t

v

t + α

uα

Variation vector ω

It holds that qα = q∗ + α ω + rest where{
ω′ = ∂qf (q∗, u∗Φ, ·)× ω, on [t,T ],

ω(t) = f (q∗(t), v , t)− f (q∗(t), u∗(t), t).
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Major idea of the proof

Needle-variation of u∗ at t ∈ RI

∀(t, v) ∈ RI×Ω, ∀α > 0, uα(·) =

{
u∗(t) + α(v − u∗(t)) at t,
u∗(·) elsewhere.

Needle-like variation of type L∞ when α→ 0

Rm

CTt σ(t)

v

u∗

Variation vector ω

It holds that qα = q∗ + α ω + rest where
ω′ =

{
∂qf (q∗, u∗(t), ·)× ω + ∂uf (q∗, u∗(t), ·)× (v − u∗(t)), on [t, σ(t)],

∂qf (q∗, u∗Φ, ·)× ω, on [σ(t),T ],

ω(t) = 0.
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Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 29 / 52



Comments

Generalization to the time scale case

Nonpermanent controls in the discrete setting?
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Comments

Generalization to the time scale case

Time scale calculus theory

A time scale T is a nonempty closed subset of R.

The time scale calculus theory is based on notions of

a ∆-measure on T (atomic measure);

a Lebesgue ∆-integration theory for functions q : T→ Rn;

a ∆-derivation theory for functions q : T→ Rn;

which generalize the classical continuous AND discrete notions of measure,
Lebesgue integrability and derivability.

Time scale framework for nonpermanent controls

We fix two time scales T1 ⊂ T ⊂ R and we consider that

the trajectory q evolves on T.

the control u evolves on T1.

• • • •

• • • • •

q

u

Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 31 / 52



Comments

Generalization to the time scale case

Time scale calculus theory

A time scale T is a nonempty closed subset of R.

The time scale calculus theory is based on notions of

a ∆-measure on T (atomic measure);

a Lebesgue ∆-integration theory for functions q : T→ Rn;

a ∆-derivation theory for functions q : T→ Rn;

which generalize the classical continuous AND discrete notions of measure,
Lebesgue integrability and derivability.

Time scale framework for nonpermanent controls

We fix two time scales T1 ⊂ T ⊂ R and we consider that

the trajectory q evolves on T.

the control u evolves on T1.

• • • •

• • • • •

q

u
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Comments

A more general framework

A more general framework

minimize ψ(q(0), q(T ),T ) +

∫ T

0

L(q(τ), uΦ(τ), τ) dτ,

s.t.



trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞(CT,Ω), Ω ⊂ Rm nonempty closed,

T ≥ 0,

q′(t) = f (q(t), uΦ(t), t), a.e. t ∈ [0,T ],

g(q(0), q(T )) ∈ S, S ⊂ Rj nonempty closed convex.

Modifications of the PMP and in its proof

Ω non convex ⇒ use of Ω-dense directions.

Calculus of variations  Ekeland’s variational principle.

⇒ Closedness of Ω (reasonable assumption).

p(T ) = 0  transversality conditions on p(0) and p(T ∗).

Additional transversality condition associated to the optimal final time T ∗.
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Comments

Extension of a classical existence result

Sufficient conditions

If the following hypotheses are satisfied:

The set of admissible trajectories is not empty;

There exists M ≥ 0 such that

‖q‖∞ + T ≤ M

for all admissible trajectories;

Ω is compact;

For all (q, t) ∈ Rn × [0,T ], the set of extended velocities

{(f (q, u, t), L(q, u, t)) | u ∈ Ω}

is convex;

then, there exists an optimal triplet (q∗, u∗,T ∗).
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Comments

Extension and non-extension of some classical properties

We denote by H the application

H : t 7−→ H(q∗(t), u∗
Φ

(t), p(t), t).

Extension and nonextension of some classical properties

Continuous-Permanent case D-P case C-NP case
Hamiltonian maximization × ×

H is continuous X ×

Autonomous case ⇒ H is constant × ×

Free final time T ⇒ H(T ∗) = 0 × X

H affine in u ⇒ saturation of Ω X ×
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Comments

Extension and non-extension of some classical properties

Linear example: optimal consumption

Consider the optimal (permanent) control problem given by

maximize

∫ 12

0

(1− u(τ))q(τ) dτ,

subject to


q′(t) = u(t)q(t), a.e. on [0,12],

q(0) = 1,

u(t) ∈ [0, 1].

The historical PMP gives the optimal (permanent) control:

u

t
|

11
|

12

−

−

0

1 •

•
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Comments

Extension and non-extension of some classical properties

Sampled-data controls and optimal sampling times

minimize ψ(q(0), q(T ),T ) +

∫ T

0

L(q(τ), uΦ(τ), τ) dτ,

s.t.



trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞(CT,Ω), Ω ⊂ Rm nonempty closed,

CT = {0 < t1 < . . . < tN−1 < T},
q′(t) = f (q(t), uΦ(t), t), a.e. t ∈ [0,T ],

g(q(0), q(T )) ∈ S, S ⊂ Rj nonempty closed convex,

with T > 0 and N ∈ N∗ fixed.

PMP

We prove exactly the same PMP, with an additional necessary condition:

H is continuous!

Remark: in the permanent case CT = [0,T ], the set of controlling times is
obviously optimal!
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Comments

Sampled-data controls in the LQ case

Example: the linear-quadratic (LQ) case

minimize

∫ T

0

q(τ)>W (τ)q(τ) + uΦ(τ)>R(τ)uΦ(τ) dτ,

subject to


trajectory q ∈ AC([0,T ],Rn),

control u ∈ L∞(CT,Rm),

q′(t) = A(t)q(t) + B(t)uΦ(t), a.e t ∈ [0,T ],

q(0) = qinit, qinit ∈ Rn.

where A, B, W and R are matrices with “good” assumptions.

In the permanent control case CT = [0,T ], the historical PMP provides

u∗(t) = R(t)−1B(t)p(t).

In the sampled-data control case CT = {0 = t0 < . . . < tN = T}, we obtain

u∗(tk) =

(
1

tk+1 − tk

∫ tk+1

tk

R(τ) dτ

)−1(
1

tk+1 − tk

∫ tk+1

tk

B(τ)p(τ) dτ

)
.

Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 45 / 52



Comments

Sampled-data controls in the LQ case

Two direct applications of our main result in LQ problems

• We prove the following convergence result:

When the distances between consecutive sampling times uniformly tend to
zero, the (unique) optimal samped-data control converges a.e. to the (unique)

optimal permanent control.

• The Riccati theory can be fully extended:

LQ optimal sampled-data control problem

Dynamical programming principle

The optimal values u∗(tk) can be explicitly and recursively computed

Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 46 / 52



Comments

Sampled-data controls in the LQ case

Two direct applications of our main result in LQ problems

• We prove the following convergence result:

When the distances between consecutive sampling times uniformly tend to
zero, the (unique) optimal samped-data control converges a.e. to the (unique)

optimal permanent control.

• The Riccati theory can be fully extended:

LQ optimal sampled-data control problem

Dynamical programming principle

The optimal values u∗(tk) can be explicitly and recursively computed
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Two direct applications of our main result in LQ problems

• We prove the following convergence result:

When the distances between consecutive sampling times uniformly tend to
zero, the (unique) optimal samped-data control converges a.e. to the (unique)

optimal permanent control.

• The Riccati theory can be fully extended:

LQ optimal sampled-data control problem

Nonpermanent PMP Dynamical programming principle

The optimal values u∗(tk) can be explicitly and recursively computed
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Comments

Sampled-data controls in the LQ case

LQ example: the parking problem

Consider the optimal nonpermanent control problem given by

minimize

∫ T

0

uΦ(τ)2 dτ,

subject to


q′′(t) = uΦ(t),

(q(0), q′(0)) = (M, 0), (q(T ), q′(T )) = (0, 0),

u(t) ∈ [−1, 1],

where CT = hN. We obtain for h = 1 and h = 0.5 :
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� L. Bourdin and E. Trélat. Pontryagin maximum principle for optimal
sampled-data control problems. In proceedings of CAO 2015.
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Journal of Difference Equations and Applications, 2014.
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� L. Bourdin and E. Trélat. Optimal sampled-data control, and
generalizations on time scales. Mathematical Control and Related Fields,
2016.

You can access to these articles on my personal web page

www.unilim.fr/pages_perso/loic.bourdin

Future works

Optimal nonpermanent control problems with running state constraints.

Optimal nonpermanent control problems with noncontrolled areas.
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Löıc Bourdin (XLIM) PMP for optimal nonpermanent control problems Toulouse, 3/25/2016 51 / 52

 www.unilim.fr/pages_perso/loic.bourdin 


References and future works
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