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JKO scheme ([Jordan, Kinderlehrer and Otto,1998])

We define (ρkh)k∈N by induction such that ρ0
h = ρ0 and for all k ∈ N,

ρk+1
h ∈ argmin

ρ∈P(Ω)
W 2

2 (ρ, ρkh) + 2hF(ρ), (1)

and
ρh(t, ·) := ρkh if t ∈ ((k − 1)h, kh].

Under some asumptions on F , ρh → ρ ∈ C0,1/2([0,T ],P(Ω)) and ρ is
a weak solution, at least formally, of

∂tρ+ div(ρ∇δF
δρ

) = 0, ρ|t=0 = ρ0.

where δF
δρ is the first variation of F .
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Examples

If F(ρ) :=

{ ∫
Ω

1
m−1ρ

m if ρ� L,
+∞ otherwise,

for m > 1, then ρ solves

∂tρ =
m

m − 1
div(ρ∇ρm−1) = ∆ρm.

If V(ρ) :=
∫

Ω V (x) dρ(x) then ρ solves

∂tρ = div(ρ∇V ).

If W(ρ) := 1
2

∫
Ω×Ω W (x − y) dρ(x)dρ(y) then ρ solves

∂tρ = div(ρ∇W ∗ ρ).
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Benamou-Brenier formulation

The Benamou-Brenier formula,

W 2
2 (ρ, ν) = inf

µt ,mt

∫ 1

0

∫
Ω

|mt |2

µt
dxdt,

subject to constraints that µ > 0, m = 0 when µ = 0 and

∂tµ+ div(m) = 0, µ|t=0 = ρ, µ|t=1 = ν.

As was observed in [Benamou,Brenier],

Ψ(µ,m) =


|m|2
µ if µ > 0,

0 if µ = 0,m = 0,
+∞ otherwise,

is a convex, lsc, 1-homogenous function and can be rewrite as

Ψ(µ,m) = sup {aµ+ b ·m : (a, b) ∈ K} ,

where K :=
{

(a, b) ∈ R×Rn : a + 1
2 |b|

2 6 0
}
.
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JKO scheme

Let us consider one step of JKO where F is energy of the form

F(ρ) =

∫
Ω
F (ρ(x)) dx +

∫
Ω
V (x)ρ(x) dx .

Using the Benamou-Brenier formula, one step of JKO scheme can be
rewrite as a convex minimization problem:

inf
µt ,mt

∫ 1

0

∫
Ω

Ψ(µt ,mt) dxdt + 2hF(µ1),

subject to constraints that

∂tµ+ div(m) = 0, µ|t=0 = ρkh .
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dual problem

Then the dual formulation

inf
Φ(t,x)

{∫
Ω

Φ(0, x)ρkh + F∗(−Φ(1, .)) : (∂tΦ,∇Φ) ∈ K

}
,

where

F∗(c) := sup
µ>0

{∫
Ω

((c(x)− hV (x))µ(x)− hF (µ(x))) dx

}
.

Another formulation is

inf
φ,q
{F (Φ) + G (q) : ΛΦ = q} ,

where ΛΦ = (∂tΦ,∇Φ,−Φ(1, ·)), q = (a, b, c) ∈ R×Rn×R and

F (Φ) :=

∫
Ω

Φ(0, ·)ρkh , G (q) :=

∫ 1

0
χK (a, b)dxdt + hF∗

(c
h

)
.
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Relaxation problem and augmented Lagrangian method

Then when we relax the problem, the JKO scheme is equivalent to
find a saddle-point of the Lagrangian

L(Φ, q, σ) := F (Φ) + G (q) + σ · (ΛΦ− q),

where σ := (µ,m, µ1), q := (a, b, c) ∈ R×Rn × R,
ΛΦ := (∂tΦ,∇Φ,−Φ(1, ·)),

Now for r > 0, we consider the augmented Lagrangian function

Lr (Φ, q, σ) := F (Φ) + G (q) + σ · (ΛΦ− q) +
r

2
|ΛΦ− q|2.

We note that being a saddle-point of L is equivalent to being a
saddle-point of Lr .
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Augmented Lagrangian algorithm ALG2 splitting scheme (1)

This algorithm consists, starting from (Φ0, q0, σ0), to generate inductively
a sequence as follows:

Step 1: minimization w.r.t Φ:

Φn+1 := argmin
{
F (Φ) + σn · ΛΦ +

r

2
|ΛΦ− qn|2

}
,

Step 2: minimization w.r.t q:

qn+1 := argmin
{
G (q)− σn · q +

r

2
|ΛΦn+1 − q|2

}
,

Step 3: update the multiplier by the gradient ascent formula

σn+1 = σn + r(ΛΦn+1 − qn+1).
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Augmented Lagrangian algorithm ALG2 splitting scheme (2)

Step 1 corresponds to solve an elliptic problem

−∆t,xΦn+1 = divt,x((µn,mn)− r(an, bn)), in (0, 1)× Ω,

with the boundary conditions

r∂tΦ
n+1(0, ·) = ρkh − µn(0, ·) + ran(0, ·),

r(∂tΦ
n+1(1, ·) + Φn+1(1, ·)) = µn1 − µn(1, ·) + r(an(1, ·)− cn(·)),

(r∇Φn+1 + mn − rbn) · ν = 0, on ∂Ω.

Step 2 splits into two convex pointwise problems

(an+1(t, x), bn+1(t, x)) = PK

(
Dt,xφ

n+1(t, x) +
1
r

(µn(t, x),mn(t, x))

)
,

and

cn+1(x) = argminc∈R

{
r

2
|Φn+1(1, x)− 1

r
µn(1, x) + c |2 + hF∗

(c
h

)}
.
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Porous media equation

We want to solve, for m > 1,

∂tρ−∆ρm − div(ρ∇V ) = 0,

In this case

F∗(c) =
1

rh
1

m−1

(
m

m − 1

)m−1
m
∫

Ω

(
(c(x)− hV (x))+

)m−1
m dx .

Then

cn+1(x) =

{ 1
r µ

n(1, x)− Φn+1(1, x) if c 6 hV (x),
the root in (hV (x),+∞) of (2) otherwise,

where (2) is the equation

c − c +
1

rh
1

m−1

(
m − 1
m

) 1
m−1

(c − hV (x))
1

m−1 = 0 (2)
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Simulation

m = 3, V (x) =
|x |2

2
.

The algorithm converges to the
Barenblatt profile

ρ∞ =
m − 1
2m

(1− |x |2)
1/(m−1)
+ .
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System with nonlocal interactions

We consider l species solving, for all i ∈ {1, . . . , l},{
∂tρi = αi∆ρi + div(ρi∇Vi [ρ])
ρi |t=0 = ρi ,0,

with no-flux boundary condition, and where ρ := (ρ1, . . . , ρl).

The proof of existence is based on a semi-implicit JKO scheme
(defined by [DiFrancesco and Fagioli]): we construct by induction
(ρki ,h) such that

ρk+1
i ,h ∈ argminW 2

2 (ρ, ρki ,h) + 2h
(
αi

∫
Ω
ρ log ρ+

∫
Ω
Vi [ρ

k
h]ρ

)
.

M. L. (Ceremade) PGF 23/03/16 17 / 24



System with nonlocal interactions

We consider l species solving, for all i ∈ {1, . . . , l},{
∂tρi = αi∆ρi + div(ρi∇Vi [ρ])
ρi |t=0 = ρi ,0,

with no-flux boundary condition, and where ρ := (ρ1, . . . , ρl).
The proof of existence is based on a semi-implicit JKO scheme
(defined by [DiFrancesco and Fagioli]): we construct by induction
(ρki ,h) such that

ρk+1
i ,h ∈ argminW 2

2 (ρ, ρki ,h) + 2h
(
αi

∫
Ω
ρ log ρ+

∫
Ω
Vi [ρ

k
h]ρ

)
.

M. L. (Ceremade) PGF 23/03/16 17 / 24



Proximal

We note ProxF (c) the solution of

inf
c∈R

{ r
2
|c − c |2 + F (c)

}
.

Moreover, ProxF∗(c) = c − ProxF (c).

Then cn+1
i (x) = c i − c̃i , where

c i =
1
r
µni (1, x)− Φn+1

i (1, x),

and c̃i is the root of

c̃i − c i + hVi [ρ
k
h] + h log(c̃i ) = 0.
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Simulations for 3 species

V1[ρ1, ρ2, ρ3] = |x |2 ∗ ρ2 − |x |2 ∗ ρ3, V2[ρ1, ρ2, ρ3] = |x |2 ∗ ρ3 − |x |2 ∗ ρ1,

and V3[ρ1, ρ2, ρ3] = |x |2 ∗ ρ1 − |x |2 ∗ ρ2.

ρ1 + ρ2 + ρ3 ρ1
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Crowd motion

We consider two species solving
∂tρ1 −∆ρ1 − div(ρ1(∇V1 +∇p)) = 0
∂tρ2 −∆ρ2 − div(ρ2(∇V2 +∇p)) = 0
p > 0, ρ1 + ρ2 6 1, p(1− ρ1 − ρ2) = 0,
ρ1|t=0 = ρ1,0, ρ2|t=0 = ρ2,0

with no-flux boundary conditions (see for one density [Mészá
ros,Santambrogio] and [Maury, Roudneff-Chupin, Santambrogio]
without diffusion).

Gradient flow structure with

F(ρ1, ρ2) :=
2∑

i=1

∫
Ω

(ρi log ρi + Viρi ) + χ[0,1](ρ1 + ρ2).
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Proximal

Using, the formualtion ProxF∗(c) = c − ProxF (c) we compute

c̃i := argmin
1
2
|c − c i |2 + c(hVi + h log(c)).

If c̃1 + c̃2 6 1, then
cn+1
i (x) = c i − c̃i ,

Otherwise, the constraint is saturated then we write c̃1 = u and
c̃2 = 1− u where u minimizes

1
2
(
|u − c1|2 + |1− u − c2|2

)
+ h (u(log(u) + V1) + (1− u)(log(1− u) + V2)) .

And
cn+1
1 (x) = c1 − u, cn+1

2 (x) = c2 − 1 + u.
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Simulation

ρ1 + ρ2 ρ1
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Thank you for your attention
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