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Occupation measures (general case)

We consider the dynamics{
dX t,x,u

s = f
(

X t,x,u
s ,us

)
dt , t ≤ s ≤ T ,

X t,x,u
s = x ∈ RN ,

U compact metric space

admissible control u ∈ U : Lebesque-measurable, U-valued

f : RN × U −→ RN

(i) f bounded, uniformly continuous

(ii) ∃c > 0 s.t. |f (x ,u)− f (y ,u)| ≤ c |x − y |, ∀ (x , y ,u) ∈ ×R2N × U
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Occupation measures (general case)

Consider t > 0 and x ∈ RN

To every r > t and u ∈ U , we associate

γt,r ,x,u =
(
γt,r ,x,u

1 , γt,r ,x,u
2

)
∈ P

(
[t , r ]× RN × U

)
× P

(
RN)

defined by{
γt,r ,x,u

1 (A× B × C) = 1
r−t

∫ r
t 1A×B×C

(
s,X t,x,u

s ,us

)
ds,

γt,r ,x,u
2 = δX t,x,u

r

for all Borel sets A ⊂ [t , r ] , B ⊂ RN and C ⊂ U. Here, δ(·) stands for the
Dirac measure

One can also define
(
γt,t,x,u

1 , γt,t,x,u
2

)
∈ P

(
{t} × RN × U

)
× P

(
RN
)

by

γt,t,x,u
1 = δt,x,ut , γ

t,t,x,u
2 = δx
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Occupation measures (general case)

For every r ≥ t , we denote by

Γ (t , r , x) =
{ (

γt,r ,x,u
1 , γt,r ,x,u

2

)
for all u ∈ U

}
and by

Θ (t , r , x) =
(γ1, γ2) ∈ P

(
[t , r ]× RN × U

)
× P

(
RN
)
, ∀φ ∈ C1,1

2

(
R+ × RN

)∫
[t,r ]×RN×U×RN

(φ (t , x) + (r − t)Luφ (s, y)− φ (r , z)) γ1 (dsdydu) γ2 (dz) = 0∫
RN

|y |2+δ
γ1 ([t , r ] ,dy ,U) ≤ cT ,x ,

∫
RN

|z|2+δ
γ2 (dz) ≤ cT ,x


The set C1,1

2

(
R+ × RN

)
stands for the set of continuously differentiable

functions such that the function and its first order derivatives have at most
quadratic growth and

Luφ (s, y) = 〈f (y ,u) ,Dφ (s, y)〉+ ∂tφ (s, y)

for all s ≥ 0, y ∈ RN .
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Occupation measures (general case)

Note that Γ (t , r , x) ⊂ Θ (t , r , x)

−φ (t , x) +
∫
RN

φ (r , z) γt,r ,x,u
2 (dz) = −φ (t , x) + φ

(
r ,X t,x,u

r

)
=∫ r

t

(
∂tφ

(
s,X t,x,u

s

)
+
〈

f
(

X t,x,u
s ,us

)
,Dφ

(
s,X t,x,u

s

)〉)
ds =∫

[t,r ]×RN×U
(r − t)Luφ (s, y) γt,r ,x,u

1 (dsdydu)

for regular test functions φ ∈ C1,1
(
R+ × RN

)
For the deterministic and in the stochastic setting see: Fleming & Vermes
’89, Bhatt & Borkar ’96, Gaitsgory & Leizarowitz ’99, Gaitsgory & Nguyen
’02, Gaitsgory ’04, Gaitsgory & Rossomakhine ’06, Borkar & Gaitsgory ’07,
Finlay & al. ’07, Gaitsgory & Quincampoix ’09

7 of 51 Linearization methods for discontinuous control problems



The Mayer problem in the Lipschitz case

1 Occupation measures (general case)

2 The Mayer problem in the Lipschitz case

3 Characterization of the optimal trajectories

4 The Mayer problem in the discontinuous case

5 Singularly perturbed control systems

6 Characterization of optimal trajectories for the averaged system

8 of 51 Linearization methods for discontinuous control problems



The Mayer problem in the Lipschitz case

Consider l : RN × U −→ R and g : RN −→ R

One associates the value function

V r
l,g (t , x) = inf

u∈U

(∫ r

t
l
(

x t,x,u
s ,us

)
ds + g

(
x t,x,u

r

))

the linearized problem

Λr
l,g (t , x) =

inf
γ=(γ1,γ2)∈Θ(t,r ,x)

(r − t)
∫

[t,r ]×RN×U

l (y ,u) γ1 (dsdydu) +

∫
RN

g (z) γ2 (dz)
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The Mayer problem in the Lipschitz case

and its dual

ηr
l,g (t , x) =

sup


η ∈ R : ∃φ ∈ C1,1

2

(
R+ × RN

)
s.t.

η ≤ (r − t) [Lvφ (s, y) + l (y , v)] + g (z)− φ (r , z) + φ (t , x)

for all (s, y , v , z) ∈ [t , r ]× RN × U × RN


with Lvφ (s, y) = 〈f (y , v) ,Dφ (s, y)〉+ ∂tφ (s, y)
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The Mayer problem in the Lipschitz case

The value function V r
l,g is the unique bounded, uniformly continuous

viscosity solution of the equation

(HJB) ∂tV r
l,g (t , x) + H

(
t , x ,DV r

l,g (t , x)
)

= 0

for all (t , x) ∈ (0, r)× RN , and V r
l,g (r , ·) = g (·) on RN

the Hamiltonian is given by

H (t , x ,p) = inf
u∈U
{〈f (t , x ,u) ,p〉+ l (t , x ,u)}

for all (t , x ,p) ∈ R× RN × RN

For proofs of the connection between V r
l,g and (HJB), see for instance

Bardi & Capuzzo & Dolcetta ’97 and the references therein

For the notion of viscosity solutions see Lions ’85, Dupuis & Ishii ’90,
Crandall & al. ’92, Barles ’94 (HJB of Neumann type) Barron & Jensen ’90
and Frankowska ’93 (discontinuous solutions)
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The Mayer problem in the Lipschitz case Linearization

Theorem (Main result for the Lipschitz case)

We have
V r

l,g = Λr
l,g = ηr

l,g .

Consequently,

Θ (t , r , x) = cl (co (Γ (t , r , x))) .
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The Mayer problem in the Lipschitz case Linearization

Idea of the proof

γt,r ,x,u ∈ Γ (t , r , x) ⊂ Θ (t , r , x) =⇒ V r
l,g (t , x) ≥ Λr

l,g (t , x)

η ≤ (r − t) [Lvφ (s, y) + l (s, y , v)] + g (z)− φ (r , z) + φ (t , x)

integrate w.r.t. γ ∈ Θ (t , r , x) =⇒ Λr
l,g (t , x) ≥ ηr

l,g (t , x)

approximate V r
l,g by smooth subsolutions V ε

V ε(t , x)− Cε ≤ ηr
l,g (t , x) then ε→ 0 to get ηr

l,g (t , x) ≥ V r
l,g (t , x)
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The Mayer problem in the Lipschitz case Linearization

Proposition (Krylov)

There exists a constant C > 0 such that, for every ε ∈ (0,1], there exists
V ε ∈ C1,2

b

(
[0, r + ε]× RN

)
subsolution of (HJB) defined on [0, r + ε]× RN

satisfying

(i) |V ε (s, ·)− g (·)| ≤ Cε, for s ∈ [r , r + ε] and

(ii)
∣∣V ε (·)− V r

l,g (·)
∣∣ ≤ Cε, on [0, r ]× RN .

14 of 51 Linearization methods for discontinuous control problems



Characterization of the optimal trajectories

1 Occupation measures (general case)

2 The Mayer problem in the Lipschitz case

3 Characterization of the optimal trajectories

4 The Mayer problem in the discontinuous case

5 Singularly perturbed control systems

6 Characterization of optimal trajectories for the averaged system

15 of 51 Linearization methods for discontinuous control problems



Characterization of the optimal trajectories

Let l ≡ 0 and denote by Θ(t ,T , ·) := Θ(t , ·), ηT
l,g := ηg , ΛT

l,g := Λg and
V T

l,g := Vg

For all (t , x) ∈ [0,T ]× RN

Dg (t , x) =


(η, φ) ∈ R× C1,1

b

(
R+ × RN

)
s.t.

η = inf
(s,y,v ,z)∈[t,T ]×RN×U×RN

{(T − t)Lvφ (s, y) +

g (z)− φ (T , z) + φ (t , x)}


Note that Θ(t , x) contains measures with compact support
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Characterization of the optimal trajectories

The dual formulation becomes

Vg (t , x) = sup
{
η, (η, φ) ∈ Dg (t , x)

}
.

Definition

We say that (η̄, φ̄) ∈ Dg (t , x) is an optimal pair if we have Vg (t , x) = η̄.

We denote by

Ωg (t , x) =


(s, y , v , z) ∈ [t , r ]× RN × U × RN , s.t.

η̄ = (T − t)Lv φ̄ (s, y) + g (z)− φ̄ (T , z) + φ̄ (t , x)

for an optimal pair (η̄, φ̄) ∈ Dg (t , x)
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Characterization of the optimal trajectories

It is not always sure that optimal pairs exist. In this case we can define the
set Ω using the sets Ω 1

n
associated to a sequence of pairs(

η 1
n
, φ 1

n

)
∈ Dg′ (t , x) having the property that η 1

n
↗ η (t , x) = V (t , x). More

precisely, the set Ωc coincides with the lim sup
1
n→0

Ωc
1
n
.

Proposition

Let (t , x) ∈ [0,T ]× RN be fixed. Then,γ ∈ Θ (t , x) is optimal for Λg (t , x) iff
γ
(
Ωg (t , x)

)
= 1.
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Characterization of the optimal trajectories

γ ∈ Θ (t , x) s.t. γ
(
Ωg (t , x)

)
= 1

By definition,

η̄ = (T − t)Lv φ̄ (s, y) + g (z)− φ̄ (T , z) + φ̄ (t , x)

on Ωg (t , x) for (η̄, φ̄) ∈ Dg (t , x)

γ ∈ Θ (t , x), consequently,∫
Ωg(t,x)

η̄γ(dsdydudz) =
∫

Ωg(t,x)
gγ(dsdydudz)

=
∫

[t,T ]×RN×U×RN g (z) γ(dsdydudz)

It follows that

γ (Ω (t , x)) η̄ = V (t , x) =

∫
[t,T ]×RN×U×RN

g (z) γ(dsdydudz)

and that γ ∈ Θ (t , x) is optimal
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Characterization of the optimal trajectories

Conversely, let γ ∈ Θ (t , x) be optimal.

V (t , x) =
∫

[t,T ]×RN×U×RN

g (z) γ(dsdydudz) =∫
[t,T ]×RN×U×RN

[
(T − t)Lv φ̄ (s, y) + g (z)− φ̄ (T , z) + φ̄ (t , x)

]
γ(dsdydudz) =∫

Ωg(t,x)

[
(T − t)Lv φ̄ (s, y) + g (z)− φ̄ (T , z) + φ̄ (t , x)

]
γ(dsdydudz)+∫

Ωc
g(t,x)

[
(T − t)Lv φ̄ (s, y) + g (z)− φ̄ (T , z) + φ̄ (t , x)

]
γ(dsdydudz) >

η̄ = V (t , x) .

for all optimal pairs (η̄, φ̄) ∈ Dg (t , x)

Consequently, γ
(
Ωg (t , x)

)
= 1
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The Mayer problem in the discontinuous case Deterministic case

{
dX t,x,u

s = f
(

X t,x,u
s ,us

)
ds, t0 ≤ t ≤ T

X t,x,u
t = x ∈ RN

r := T > 0 finite time horizon, t ∈ [0,T ] and l ≡ 0

Recall that V (t , x) = infu∈U g
(

x t,x,u
T

)
Reachable set R (T , t) x =

{
x t,x,u

T : u ∈ U
}

We define V (t , x) = inf {g (x) : x ∈ cl (R (T , t) x)}

Note that V = ΛT
g = ηT

g

if f is convex in u Plaskacz, Quincampoix ’01, S. ’02, V = V

if g is u.s.c. V = V
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The Mayer problem in the discontinuous case Deterministic case

R2,U = {−1,1}

f : R3 × U −→ R
f (x , y ,u) =

(
u, x2 ∧ 1

)
∀t , x , y ∈ R, u ∈ U

g : R2 −→ R l. s. c. defined by

g (x , y) =

{
1, if (x , y) 6= (0,0)
0, if (x , y) = (0,0)

(0,0) ∈ cl (R (T , t) (0,0)) and (0,0) /∈ R (T , t) (0,0) =⇒

V = inf
u∈U

h
(

x t,0,0,u
T , y t,0,0,u

T

)
= 1 6= V (t ,0,0)

23 of 51 Linearization methods for discontinuous control problems



The Mayer problem in the discontinuous case Deterministic case

Theorem (Main result)

(a) g l.s.c., V is the smallest l.s.c. supersolution of (HJB) s.t.
V (T , ·) ≥ g (·) .

(b) g u.s.c., V = V is the largest u.s.c. subsolution of (HJB) s.t.
V (T , ·) ≤ g (·) .

(c) g is bounded

V = inf
{
ϕ : ϕ l.s.c. subsolution of (HJB) s.t.

ϕ (T , ·) ≥ g (·)

}
and

V = sup
{
ϕ : ϕ u.s.c. subsolution of (HJB) s.t.

ϕ (T , ·) ≤ g (·)

}
.
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The Mayer problem in the discontinuous case Stochastic case

We consider the control system:{
dX t,x,u

s = b
(

X t,x,u
s ,us

)
ds + σ

(
X t,x,u

s ,us

)
dBs, s ∈ [t ,T ] ,

X t,x,u
t = x ∈ RN and t ∈ [0,T ]

Then, the value function is

Vh (t , x) = inf
u∈U

E
[
g
(

X t,x,u
T

)]
,

where g : RN → R is a given function.

For any X t,x,u
· , we associate the occupational measure

γt,x,u =
(
γt,x,u

1 , γt,x,u
2

)
∈ P

(
[0,T ]× RN × U

)
× P

(
RN)
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The Mayer problem in the discontinuous case Stochastic case

where
γt,x,u

1 (A× B × C) :=
1

T − t
E

[∫ T

t
1A×B×C

(
s,X t,x,u

s ,us

)
ds

]
γt,x,u

2 (D) := E
[
1D

(
X t,x,u

T

)]
for all Borel subsets A× B × C × D ⊂ [0,T ]× RN × U ×RN .

We obtain that

V (t , x) = inf
γ∈Θ(t,x)

∫
RN

g (z) γ
(
[t ,T ] ,RN ,U,dz

)
The convex compact set Θ (t , x) is dependig only of b and σ.

Theorem
If g is Lipschitz and bounded then Vg is the unique viscosity solution of (HJB)
and Vg = Λg = ηg .

Linear programming tools: Stockbridge (90), Bhatt, Borkar (’96), Kurtz,
Stockbridge (’98), Borkar, Gaitsgory (’05)
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The Mayer problem in the discontinuous case L.s.c. case

Λg (t , x) = infγ∈Θ(t,x)

∫
RN g (z) γ

(
[t ,T ] ,RN ,U,dz

)
(t , x) ∈ [0,T )× RN and Λg (T , ·) = g (·)

g : RN −→ R is a lower semicontinuous function

∃c ∈ R such that c
(
|x |2 + 1

)
≥ h (x) ≥ −c

Theorem
Λg is the smallest lower semicontinuous viscosity supersolution of (HJB) and

Λg = ηg .
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The Mayer problem in the discontinuous case U.s.c. case

{
dX t,x

s = 0, for 0 ≤ t ≤ s ≤ T = 1,
X t,x

t = x ∈ R.

g (·) = 1{0} (·)

Vg is the largest u.s.c. subsolution of{
−∂tVg (t , x) = 0, for all (t , x) ∈ (0,T )× R
Vg (1, ·) = g (·) on R

Vg (t , ·) = g (·) for every t ∈ (0,T ]
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The Mayer problem in the discontinuous case U.s.c. case

In particular, Vg
( 1

2 ,0
)

= 1

ηg
( 1

2 ,0
)

= sup


η ∈ R : ∃φ ∈ C1,2

b ([0,1]× R)

s.t. ∀ (s, y , z) ∈
[ 1

2 ,1
]
× R2,

η ≤ 1
2∂tφ (s, y) + g (z)− φ (1, z) + φ

( 1
2 ,0
)


z = ε, ε→ 0 to get ηg

( 1
2 ,0
)
≤ 0 < Vg

( 1
2 ,0
)
.
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Singularly perturbed control systems

We consider

(SP)

 dX t,x,y,u
s = f

(
X t,x,y,u

s ,Y t,x,y,u
s ,us

)
ds,

εdY t,x,y,u
s = g

(
X t,x,y,u

s ,Y t,x,y,u
s ,us

)
ds,

for all s ≥ t , where (t , x , y) ∈ [0,∞)× RM × RN and ε > 0.
U compact metric space

admissible control u ∈ U : Lebesque-measurable, U-valued

f : RN × RM × U −→ RN and g : RN × RM × U −→ RN

(i) f , g bounded, uniformly continuous

(ii) ∃c > 0 s.t. |f (x ,u)− f (y ,u)| ≤ c |x − y | and

|g (x ,u)− g (y ,u)| ≤ c |x − y | , ∀ (x , y ,u) ∈ ×R2N × U
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Singularly perturbed control systems

We denote by
(

x t,x,y,u;ε
(·) , y t,x,y,u;ε

(·)

)
the solution of (SP) starting from

(t , x , y) ∈ [0,T ]× RM × RN , for some u ∈ U

Let h : RM → R be bounded

The value function:

Wε,h(t , x , y) = inf
u∈U

h
(

x t,x,y,u;ε
T

)
for all (t , x , y) ∈ [0,T ]× RM × RN

We call X the ”slow” variable and Y the ”fast” variable.
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Singularly perturbed control systems

Study of the behavior of Wε,h when ε→ 0

Tikhonov approach (if stability) Tichonov’52 and Veliov ’97.

The averaging method Gaitsgory’92 and Grammel ’96.

Survey papers Naidu ’02 and Dmitriev & Kurina ’06.

The averaging method: relationships between the system (SP) and

(AS) dX t,x
s ∈ F

(
X t,x

s

)

The averaging method: only the behavior of the "slow" variable X t,x,y,u;ε
(·)
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Singularly perturbed control systems

(Wε,h (·, ·, y))ε>0 →WF ,h defined by

WF ,h(t , x) = inf
x t,x

(·) ∈SF (t,x)
h
(

x t,x
T

)
whenever h is uniformly continuous and bounded

SF (t , x) denotes the set of solutions of (AS) starting from

(t , x) ∈ [0,T ]× RM

Sε(t , x , y) denotes the set of solutions of (SP) starting from

(t , x , y) ∈ [0,T ]× RM × RN

SF (0, x) =: SF (x) and Sε(0, x , y) =: Sε(x , y)
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Singularly perturbed control systems The averaging method

τ = s
ε in the system (SP) with t = 0(

X̃τ , Ỹτ , Ũτ
)

= (Xετ ,Yετ ,uετ ) for τ ∈ [0, T
ε ], one gets dX̃ t,x,y,u

τ = εf
(

X̃ t,x,y,u
τ , Ỹ t,x,y,u

τ , Ũτ
)

dτ,

dỸ t,x,y,u
s = g

(
X̃ t,x,y,u
τ , Ỹ t,x,y,u

τ , Ũτ
)

dτ.

Let x fixed in RM . The associated system:

(AS) dY t,y,u
s = g

(
x ,Y t,y,u

s ,us

)
ds,

Denote by y t,y,u;x
(·) the unique solution of (AS)
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Singularly perturbed control systems The averaging method

The averaging method

A(x , y ,S,u) = 1
S

∫ S
0 f
(

x ,Y t,y,u;x
s ,us

)
ds

F (x , y ,S) = {A(x , y ,S,u); u ∈ U}

If controllability or stability of (AS) then the set F (x , y ,S)→ F (x) w. r. t.

the Hausdorff metric and F (x) is a compact convex set of RM

Hypotheses

∀R > 0, there exist nonempty bounded subsets NR and ΩR of RN s. t.

1)∀(x , y) ∈ B(0,R)× NR , ∀
(

x0,x,y,u;ε
(·) , y0,x,y,u;ε

(·)

)
∈ Sε(0, x , y)

y0,x,y,u;ε
s ∈ ΩR , for all s ∈ [0,T ] and all ε > 0

2)∀(x , y) ∈ B(0,R)× NR , ∀ u ∈ U , y0,y,u;x
s ∈ ΩR , for all s ≥ 0
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Singularly perturbed control systems The averaging method

Total controllability

(TC)
{
∀R > 0, ∃ tR ≥ 0 such that : ∀x ∈ B(0,R), ∀y1, y2 ∈ ΩR ,

there exists u ∈ U and s ≤ tR such that y0,y2,u;x
s = y1.

Stability property

(S)


∀R > 0, there exists ξR ∈ L1([0,+∞[,R+) such that :
∀x ∈ B(0,R), ∀y1, y2 ∈ ΩR ,∀u ∈ U ,∣∣∣y t,y1,u;x

s − y t,y2,u;x
s

∣∣∣ ≤ ξR(s) |y1 − y2| for every s ≥ 0.

If there exists CR such that

〈y2 − y1,g (x , y2,u)− g (x , y1,u)〉 ≤ −CR |y2 − y1|2 ,

for every u ∈ U, then (S) is satisfied with ξR(τ) = e−CRτ
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Singularly perturbed control systems The averaging method

Proposition

We assume that F is locally Lipschitz. Then, for every R0 > 0, every
R ≥ R0 + T |f |∞, there exists a function µR : (0,+∞)→ R, such that
limε→0 µR(ε) = 0 and, for every ε > 0 and every (x , y) ∈ B(0,R0)× NR :

-for every
(

x t,x,y,uε;ε
(·) , y t,x,y,uε;ε

(·)

)
∈ Sε (t , x , y), there exists x t,x

(·) ∈ SF (t , x) and

(*) sup
s∈[t,T ]

∣∣∣x t,x,y,uε;ε
s − x t,x

s

∣∣∣ ≤ µR(ε);

-for any x t,x
(·) ∈ SF (t , x), there exists

(xε(·), yε(·)) ∈
(

x t,x,y,uε;ε
(·) , y t,x,y,uε;ε

(·)

)
∈ Sε (t , x , y), such that (*) holds.

Equivalently we have

lim
ε→0

dH(Sε (t , x , y) ,SF (t , x)× {0}) = 0
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Singularly perturbed control systems Dual formulation for the perturbed system

T > 0 We fix T > 0, ε > 0, t ≥ 0, (x0, y0) ∈ RM × RN and u ∈ U

γt,T ,x0,y0,u;ε =
(
γt,T ,x0,y0,u;ε

1 , γt,T ,x0,y0,u;ε
2

)
∈ P

(
[t ,T ]× RM × RN × U

)
× P

(
RM × RN

)
 γt,T ,x0,y0,u;ε

1 (A× B × C × D) = 1
T−t

∫ T
t 1A×B×C×D

(
s,X t,x0,y0,u;ε

s ,Y t,x0,y0,u;ε
s ,us

)
ds,

γt,T ,x0,y0,u;ε
2 = δX

t,x0,y0,u;ε

T ,Y
t,x0,y0,u;ε

T
,

for all Borel sets A ⊂ [t ,T ], B ⊂ RM , C ⊂ RN and D ⊂ U.

γt,t,x0,y0,u;ε =
(
γt,t,x0,y0,u;ε

1 , γt,t,x0,y0,u;ε
2

)
∈ P

(
{t} × RM × RN × U

)
× P

(
RM × RN

)
γt,t,x0,y0,u;ε

1 = δt,x0,y0,ut , γ
t,t,x0,y0,u;ε
2 = δx0,y0 .
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Singularly perturbed control systems Dual formulation for the perturbed system

Γ (t , x0, y0; ε) =
{ (

γt,T ,x0,y0,u;ε
1 , γt,T ,x0,y0,u;ε

2

)
, for all u ∈ U

}

Θ (t , x0, y0; ε) =



(γ1, γ2) ∈ P
(
[t ,T ]× RM × RN × U

)
× P

(
RM × RN

)
∀φ ∈ C1,1

b

(
R+ × RM × RN

)
,∫

[t,T ]×RM×RN×U×RM×RN

(φ (t , x0, y0) + (T − t)Lu;εφ (s, x , y)

−φ (T , z,w)) γ1 (dsdxdydu) γ2 (dzdw) = 0


where

Lu;εφ (s, x , y) =

〈(
f (x , y ,u) ,

1
ε

g (x , y ,u)

)
,Dφ (s, x , y)

〉
+ ∂tφ (s, x , y)
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Singularly perturbed control systems Dual formulation for the perturbed system

The linearized problem

Λε,h (t , x0, y0) = inf
γ=(γ1,γ2)∈Θ(t,x0,y0;ε)

∫
RM×RN

h (z) γ2 (dzdw)

The dual formulation

ηε,h (t , x0, y0) =

sup

 η ∈ R : ∃φ ∈ C1,1
(
R+ × RM × RN

)
s.t.

∀ (s, x , y , v , z,w) ∈ [t ,T ]× RM × RN × U × R × RN ,
η ≤ (T − t)Lv ;εφ (s, x , y) + h (z)− φ (T , z,w) + φ (t , x0, y0)


For every ε > 0 we have

Wε,h = Λε,h = ηε,h
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Singularly perturbed control systems Dual formulation for the perturbed system

Θ (t , x0, y0) =

(γ1, γ2) ∈ P
(
[t ,T ]× RM × RN × U

)
× P

(
RM × RN

)
∀ψ ∈ C1,1

b

(
R+ × RM

)
and ∀φ ∈ C1,1

b

(
R+ × RM × RN

)
,∫

[t,T ]×RM×RN×U×RM×RN

(
ψ (t , x0) + (T − t)Lu,fψ (s, x)

−ψ (T , z)) γ1 (dsdxdydu) γ2 (dzdw) = 0 and∫
[t,T ]×RM×RN×U×RM×RN

Lu,gφ (s, x , y) γ1 (dsdxdydu) γ2 (dzdw) = 0


where

Lu,fψ (s, x , y) = 〈f (x , y ,u) ,Dxψ (s, x)〉+ ∂tψ (s, x)

Lu,gφ (s, x , y) = 〈g (x , y ,u) ,Dyφ (s, x , y)〉
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Singularly perturbed control systems Dual formulation for the perturbed system

The linearized problem

Λh (t , x0, y0) = inf
γ=(γ1,γ2)∈Θ(t,x0,y0)

∫
RM×RN

h (z) γ2 (dzdw)

We denote by

ηh (t , x0, y0) =

sup



η ∈ R : ∃α ∈ C (R+) with lim
ε→0

α (ε) = 0 s.t. ∀ε > 0,

∃φ ∈ C1,1
(
R+ × RM × RN

)
and ψ ∈ C1,1

(
R+ × RM

)
s.t.

‖φ− ψ‖∞ + ‖∇φ−∇ψ‖∞ ≤ α (ε) and s.t.

∀ (s, x , y , v , z,w) ∈ [t ,T ]× RM × RN × U × R × RN ,

η ≤ (T − t)Lv ;εφ (s, x , y) + h (z)− φ (T , z,w) + φ (t , x0, y0)


Theorem (Main result)

We have that
Wh (t , x0) = Λh (t , x0, y0) = ηh (t , x0, y0) .

for all (t , x0, y0) ∈ [0,T ]× RM × RN .
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Singularly perturbed control systems Dual formulation for the averaged problem

γ̄t,T ,x0,y0;ε =
(
γ̄t,T ,x0,y0;ε

1 γ̄t,T ,x0,y0;ε
2

)
∈ Θ (t , x0, y0; ε) optimal, i.e.

Λε,h (t , x0, y0) =

∫
RM×RN

h (z) γ̄t,T ,x0,y0;ε
2 (dzdw)

γ̄t,T ,x0,y0;ε ⇀ γ̄ ∈ Θ (t , x0, y0)

Consequently,

Λh (t , x0, y0) ≤
∫

RM×RN

h (z) γt,T ,x0,y0
2 (dzdw) = lim

ε→0

∫
RM×RN

h (z) γt,T ,x0,y0;ε
2 (dzdw)

= lim
ε→0

Λε;h (t , x0, y0) = lim
ε→0

Wε,h (t , x0, y0) = Wh (t , x0)
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Singularly perturbed control systems Dual formulation for the averaged problem

Let γ ∈ Θ (t , x0, y0) and η ∈ R such that

∃α ∈ C (R+) with lim
ε→0

α (ε) = 0 s.t. ∀ε > 0,

∃φ ∈ C1,1
(
R+ × RM × RN

)
and ψ ∈ C1,1

(
R+ × RM

)
s.t.

‖φ− ψ‖∞ + ‖∇φ−∇ψ‖∞ ≤ α (ε) and s.t.

∀ (s, x , y , v , z,w) ∈ [t ,T ]× RM × RN × U × RM × RN ,

η ≤ (T − t)Lv ;εφ (s, x , y) + h (z)− φ (T , z,w) + φ (t , x0, y0) .

By integrating with respect to γ we obtain that

η ≤
∫

RM×RN

h (z) γ2 (dzdw)

and consequently,

ηh (t , x0, y0) ≤
∫

RM×RN

h (z) γ2 (dzdw)

for all γ ∈ Θ (t , x0, y0). We have that ηh (t , x0, y0) ≤ Λh (t , x0, y0).
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Singularly perturbed control systems Dual formulation for the averaged problem

There exist two families V δε
ε,h ∈ C1,1

b

(
[0,T + δ]× RM × RN

)
and

V δε
h ∈ C1,1

b

(
[0,T + δ]× RN

)
as in the definition of η s. t.

∀ (s, x , y , v , z,w) ∈ [t ,T ]× RM × RN × U × RM × RN ,

V δε
ε,h (t , x0, y0) ≤ (T − t)Lv ;εV δε

ε,h (s, x , y) + h (z)− V δε
ε,h (T , z,w) + V δε

ε,h (t , x0, y0) .

Moreover lim
ε→0

V δε
ε,h (t , x0, y0) = Wh (t , x0).

By the definition of ηh (t , x0, y0): V δε
ε,h (t , x0, y0) ≤ η (t , x0, y0).

Consequently,

Wh (t , x0) = lim
ε→0

V δε
ε,h (t , x0, y0) ≤ ηh (t , x0, y0)
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Characterization of optimal trajectories for the averaged system
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Characterization of optimal trajectories for the averaged system

When the perturbed system is fully nonlinear it is very difficult to
characterize the optimal trajectories using the Pontryagin maximum
principle because we do not know exactly the form of the averaged
dynamics

We denote by

Dε,h (t , x0, y0) =
(η, φ) ∈ R× C1,1

b

(
R+ × RM × RN

)
s.t.

η = inf
(s,x,y,v ,z,w)∈[t,T ]×RM×RN×U×RM×RN

{(T − t)Lv ;εφ (s, x , y)

+h (z)− φ (T , z,w) + φ (t , x0, y0)}


for all (t , x0, y0) ∈ [0,T ]× RM × RN .
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Characterization of optimal trajectories for the averaged system

We have
Wε,h (t , x0, y0) = sup {η, (η, φ) ∈ Dε,h (t , x0, y0)} .

Definition

(η̄ε, φ̄ε) ∈ Dε,h (t , x0, y0) is an optimal pair whenever Wε,h (t , x0, y0) = η̄ε.

We denote by

Ωε,h (t , x0, y0) =
(s, x , y , v , z,w) ∈ [t ,T ]× RM × RN × U × RM × RN s.t.

η̄ε = {(T − t)Lv ;εφ (s, x , y) + h (z)− φ (T , z,w) + φ (t , x0, y0)}

for an optimal pair (η̄ε, φ̄ε) ∈ Dε,h (t , x0, y0)

and with φ̄ε as in the definition of ηh (t , x0, y0)


and by

Ωc
h (t , x0, y0) = lim sup

n→∞
Ωc

1
n ,h

(t , x0, y0) .
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Characterization of optimal trajectories for the averaged system

Note that, γε ∈ Θ (t , x0, y0; ε) is optimal iff γε (Ωε,h (t , x0, y0)) = 1, ε > 0

Theorem (Main result)

For every (t , x0, y0) ∈ [0,T ]× RM × RN , we have that γ ∈ Θ (t , x0, y0) is
optimal iff γ (Ωh (t , x0, y0)) = 1.

50 of 51 Linearization methods for discontinuous control problems



Characterization of optimal trajectories for the averaged system

Thank you for your attention!
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